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Abstract: 0RGHOLQJ UDGLDWLRQ GDPSLQJ HIIHFWV LQ ZDYH�
SURSDJDWLRQ� LV� FRPSOH[�� DQG� YDULRXV� QXPHULFDO�� DQDO\WLFDO�� DQG�
VHPL�DQDO\WLFDO� PHWKRGV� KDYH� EHHQ� SURSRVHG� WR� DGGUHVV� WKH�
SUREOHP�� 7KH� VFDOHG� ERXQGDU\� PHWKRG� �6%0�� LV� DQ� HIILFLHQW�
VHPL�DQDO\WLFDO DSSURDFK IRU DQDO\]LQJ G\QDPLF ZDYH�
SURSDJDWLRQ� LQ� QRQ�KRPRJHQHRXV�� XQERXQGHG� PHGLD�� :KLOH�
SUHYLRXV� VWXGLHV� RIWHQ� IRFXVHG� RQ� DFFHOHUDWLRQ� RU� GLVSODFHPHQW�
XQLW� LPSXOVH� UHVSRQVH�EDVHG� WHFKQLTXHV�� WKLV� SDSHU� LQWURGXFHV� D�
YHORFLW\� XQLW� LPSXOVH� UHVSRQVH� �98,5��EDVHG� 6%0� IRU� PRUH�
HIILFLHQW�FRPSXWDWLRQ��7KH�DXWKRUV�PRGLILHG� WKH�RULJLQDO�98,5��
EDVHG 6%0 IRUPXODWLRQ WR GLUHFWO\ GHULYH WKH G\QDPLF�
LQWHUDFWLRQ�IRUFH�IRU�QRQ�KRPRJHQHRXV�LQILQLWH�PHGLD��E\SDVVLQJ�
WKH� QHHG� WR� FRQYHUW� YHORFLW\� UHVSRQVHV� LQWR� GLVSODFHPHQWV�� 7R�
YDOLGDWH�WKH�PHWKRG��VHYHUDO�EHQFKPDUN�QXPHULFDO�H[DPSOHV�DUH�
VROYHG�� 7KH� PHWKRG� LV� VKRZQ� WR� EH� HIIHFWLYH� LQ� DQDO\]LQJ�
G\QDPLF� ZDYH� SURSDJDWLRQ� LQ� ERWK� KRPRJHQHRXV� DQG� QRQ��
KRPRJHQHRXV� XQERXQGHG� PHGLD�� LQFOXGLQJ� IXOO� DQG� KDOI�SODQH�
ZDYH�SURSDJDWLRQ�VFHQDULRV��,Q�WKHVH�FDVHV��<RXQJ¶V�PRGXOXV� LV�
WUHDWHG� DV� D� IXQFWLRQ� RI� UDGLXV�� DQG� UHVXOWV� DUH� FRPSDUHG� ZLWK�
WKRVH� IURP� WKH� H[WHQGHG� PHVK� PHWKRG� DQG� DQDO\WLFDO� VROXWLRQV�
�ZKHUH�DYDLODEOH���7KH� UHVXOWV�GHPRQVWUDWH� WKDW� WKH�98,5�EDVHG�
6%0� VLJQLILFDQWO\� UHGXFHV� FRPSXWDWLRQDO� HIIRUW�� SDUWLFXODUO\�E\�
UHGXFLQJ� FXW�RII� WLPH�� )RU� H[DPSOH�� FKRRVLQJ� D� FXW�RII� WLPH� RI�
���� FDQ� OHDG� WR� XS� WR� D� ���� UHGXFWLRQ� LQ� FRPSXWDWLRQDO� HIIRUW��
7KLV� PDNHV� WKH� 98,5�EDVHG� 6%0� D� KLJKO\� HIILFLHQW� WRRO� IRU�
VROYLQJ�G\QDPLF�ZDYH�SURSDJDWLRQ�SUREOHPV��
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2YHU�WKH�ODVW�GHFDGHV��WKH�FODVVLFDO�ERXQGDU\�HOHPHQW�PHWKRG�
�%(0� ZDV HPSOR\HG WR LQYHVWLJDWH D YDULHW\ RI�

HQJLQHHULQJ� SUREOHPV�� 6HHSDJH� �5DILH]DGHK� 	� $WDLH�$VKWLDQL��
������� VWDWLF� �5LEHLUR�	� GH�3DLYD�� ������� DQG� G\QDPLF� �3DN�	�
*X]LQD��������SKHQRPHQD�ZHUH�VXFFHVVIXOO\�HYDOXDWHG�XVLQJ�WKH�
%(0�� 7KH� %(0� GHPDQGV� D� IXQGDPHQWDO� VROXWLRQ� LQ� HDFK�
DQDO\VLV�� ZKLFK� VKRXOG� SUHFLVHO\� VDWLVI\� WKH� JRYHUQHG� HTXDWLRQV

LQ�WKH�SUREOHP�GRPDLQ��:ROI���������'HWHUPLQLQJ�D�IXQGDPHQWDO�
VROXWLRQ� IRU� FRPSOLFDWHG� JHRPHWULHV� FDQ� EH� FKDOOHQJLQJ�� 6LQFH�
������ :ROI� 	� 6RQJ� ������� KDYH� SUHVHQWHG� D� IXQGDPHQWDO�
VROXWLRQ� OHVV� %(� DSSURDFK�� ZKLFK� ODWHU� ZDV� QDPHG� WKH� VFDOHG�
ERXQGDU\� ILQLWH� HOHPHQW� PHWKRG� �6%)(0��� 7KLV� LQQRYDWLYH�
QXPHULFDO�WHFKQRORJ\�KDV�DQ�DQDO\WLFDO�VROXWLRQ�SURFHGXUH�IRU�WKH�
HQWLUH�GRPDLQ�ZKLOH�LW�VROYHV�JRYHUQLQJ�HTXDWLRQV�QXPHULFDOO\�RQ�
ERXQGDULHV�� 7KHUHIRUH�� WKH� 6%)(0� XWLOL]HV� WKH� EHQHILWV� RI� WKH�
WZR� PRVW� ZLGHO\� XVHG� PHWKRGV� LQ� HQJLQHHULQJ� SUREOHPV�� WKH�
ILQLWH�HOHPHQW�PHWKRG��)(0��DQG�WKH�ERXQGDU\�HOHPHQW�PHWKRG�
�'HHNV� 	� :ROI�� ������� ,Q� WKLV� SURFHGXUH�� WKH� JRYHUQLQJ�
HTXDWLRQV� VKRXOG� EH� WUDQVIRUPHG� WR� WKH� VFDOHG� ERXQGDU\�
FRRUGLQDWH� V\VWHP�� 7KH� VFDOHG� ERXQGDU\� FRRUGLQDWH� V\VWHP�
FRQWDLQV�D�VFDOH�FHQWHU��6&��DQG�WZR�RU�WKUHH�GLPHQVLRQOHVV�ORFDO�
FRRUGLQDWHV� �Ș��𝜉�� DQGࢫ��� IRU��'�DQG��'�SUREOHPV�� UHVSHFWLYHO\��
)LJXUH���GHSLFWV�WKH�6%0�PHVK�JHQHUDWLRQ�VFKHPH��

/LNH�%(0��WKH�6%0�KDV�EHHQ�XWLOL]HG�WR�VROYH�D�EURDG�UDQJH�
RI�HQJLQHHULQJ�SUREOHPV�RYHU�WKH�\HDUV��7KLV�DSSURDFK�LV�XVHG�WR�
DVVHVV�VHHSDJH��%D]\DU�	�7DOHEL���������VWDWLF��/LQ�HW�DO����������
DQG� G\QDPLF� SUREOHPV� �*HQHV� 	� .RFDN�� ������ <DVHUL� HW� DO���
�������,Q�PRVW�SUHYLRXV�VWXGLHV��D�KRPRJHQHRXV�SUREOHP�GRPDLQ�
KDV� EHHQ� FRQVLGHUHG� �+DMLDOLOXH�%RQDE� 	� 7RKLGYDQG�� �������
5HVHDUFKHUV� KDYH� GHYHORSHG� D� G\QDPLF� VWLIIQHVV�EDVHG� VFDOHG�
ERXQGDU\� PHWKRG� �6%0�� LQ� WKH� IUHTXHQF\� GRPDLQ� �6\HG� 	�
0DKHVKZDUL�� ������ DQG� DQ� DFFHOHUDWLRQ� XQLW� LPSXOVH� UHVSRQVH�
�$8,5��EDVHG� PHWKRG� LQ� WKH� WLPH� GRPDLQ� �%D]\DU� 	� 6RQJ��
����D�E�� IRU� ZDYH� SURSDJDWLRQ� PRGHOLQJ� LQ� QRQ�KRPRJHQHRXV�
LQILQLWH� PHGLD�� $GYDQWDJHV� RI� LPSOHPHQWLQJ� 6%0� WR� PRGHO�
XQERXQGHG� PHGLD� FRPSDUHG� WR� RWKHU� DSSURDFKHV�� VXFK� DV�
SHUIHFWO\�PDWFKHG� OD\HU� �30/��� LQILQLWH� HOHPHQW�PHWKRG� �,(0���
DQG�%(0�FDQ�EH�VWDWHG�DV�IROORZV��

� ,Q� FRQWUDVW� ZLWK� WKH� %(0�� WKH� 6%0� GRHV� QRW� UHTXLUH�
IXQGDPHQWDO� VROXWLRQV�� 7KLV� SURSHUW\� PDNHV� WKH� 6%0�
PRUH�DSSOLFDEOH�LQ�VROYLQJ�HQJLQHHULQJ�SUREOHPV��

� 7KH 6%0 LV IDVWHU WKDQ WKH %(0 UHJDUGLQJ�
FRPSXWDWLRQDO�HIIRUW��

� &RQVLGHULQJ WKH PDLQ GUDZEDFNV RI WKH ,(0��
IRUPXODWLRQ�RI�WKH�6%0�LV�VWUDLJKWIRUZDUG�VLPLODU�WR�WKH�
FRQYHQWLRQDO� ILQLWH� HOHPHQW� DSSURDFK� DQG� QR� IXUWKHU
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DVVXPSWLRQ� LV� QHHGHG� WR� H[WUDFW� G\QDPLF� VWLIIQHVV� RI�
XQERXQGHG�PHGLD��

� :KLOH� WKH� 30/� GRHV� QRW� UHGXFH� WKH� GLPHQVLRQ� RI� WKH�
SUREOHP�� WKH� 6%0� UHGXFHV� JHRPHWULFDO� GLPHQVLRQ� RI�
SUREOHPV�E\�RQH��

)LJXUH���VKRZV�WKH�GLDJRQDO�HQWULHV�RI�WKH�$8,5�PDWUL[��D���
$V�WKH�ILJXUH�GHSLFWV��WKH�$8,5�PDWUL[�VKRXOG�EH�FDOFXODWHG�IURP�
WKH� VWDUWLQJ� WLPH� �W ��� WR� WKH� HQG� RI� WKH� DQDO\VLV� �W 7�� 7� LV� WKH�
SHULRG�RI�WKH�YLEUDWLRQ���&DOFXODWLQJ�WKH�$8,5�PDWUL[��LQ�D�JOREDO�
SURFHGXUH��FDQ�EH�PRUH�H[SHQVLYH�DQG�VDYLQJ�VXFK�D�ODUJH�PDWUL[�
LQ� WKH� FRPSXWHUV�PD\�EH� SUREOHPDWLF��&RPSXWDWLRQDO� HIIRUWV� RI�
WKH�6%0�IRU�GHWHUPLQLQJ�WKH�UHVSRQVH�PDWUL[�FDQ�EH�UHGXFHG�E\�
XVLQJ� WKH�YHORFLW\�XQLW� LPSXOVH� UHVSRQVH� �98,5��PDWUL[� LQVWHDG�
RI�WKH�$8,5�PDWUL[��'LDJRQDO�HQWULHV�RI�WKH�YHORFLW\�XQLW�LPSXOVH�
UHVSRQVHV� FDQ� EH� FRQVLGHUHG� DV� )LJXUH� ��E��� 5HIHUULQJ� WR� WKH�
ILJXUH��DIWHU�D�WUXQFDWLRQ�WLPH��WF���98,5�FDQ�EH�FRQVLGHUHG�HTXDO�
WR�D�FRQVWDQW�YDOXH��+HQFH��GHWHUPLQLQJ�WKH�UHVSRQVH�PDWUL[�PD\�
EH�OLPLWHG�WR�WKH�WLPH�LQWHUYDO�>���WF@��

7KH�VFDOHG�ERXQGDU\�HTXDWLRQ�LQ�98,5�KDV�EHHQ�GHULYHG�IRU�
KRPRJHQHRXV� XQERXQGHG� PHGLD� SUHYLRXVO\�� DQG� WKLV� UHVSRQVH�
ZDV� XVHG� WR� FRQVWUXFW� WKH� GLVSODFHPHQW� XQLW� LPSXOVH� UHVSRQVH�
�'8,5��PDWUL[��:ROI���������&DOFXODWLQJ�LQWHUDFWLRQ�IRUFH�XVLQJ�
WKH� '8,5� PDWUL[� �(T�� ��� PD\� OHDG� WR� D� PRUH� FRPSOLFDWHG�
IRUPXODWLRQ� �&KHQ� HW� DO��� ������� 7KLV� IRUPXODWLRQ� FDQ� UHGXFH�
FRPSXWDWLRQDO� HIIRUWV� RI� WKH� 6%0�� KRZHYHU�� LW� DOVR� PDNHV�
XQGHUVWDQGLQJ�WKH�UHVXOWLQJ�SURFHGXUH�PRUH�GLIILFXOW��

,Q� WKLV� SDSHU��98,5�PDWULFHV� DUH�XVHG�GLUHFWO\� WR� GHWHUPLQH�
�LQWHUDFWLRQ�IRUFHV��(T������,Q�(TV����DQG����6� DQG�9�� DUH�'8,5�

DQG�98,5�PDWULFHV��UHVSHFWLYHO\��,Q�WKHVH�HTXDWLRQV��X��Xࡆ���DQG�5�
DUH GLVSODFHPHQW� YHORFLW\� DQG LQWHUDFWLRQ� IRUFH YHFWRUV��
UHVSHFWLYHO\�
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(TV����DQG���FDQ�EH�XVHG�IRU�G\QDPLF�SUREOHPV��ZKHUHDV�WKH\�
VKRXOG�EH�PRGLILHG� IRU� VHLVPLF�SUREOHPV�� ,Q� WKLV� UHVHDUFK��RQO\�
WKH� G\QDPLF� FRQGLWLRQ� LV� FRQVLGHUHG�� 7R� WKH� DXWKRUV
� EHVW�
NQRZOHGJH�� WKLV� LV� WKH� ILUVW� WLPH� WKDW� WKH�YHORFLW\�EDVHG�6%0� LV�
XVHG� GLUHFWO\� IRU� PRGHOLQJ� ZDYH� SURSDJDWLRQ� SUREOHPV�� $W� WKH�
WLPH�RI�WKLV�UHVHDUFK��UHODWHG�LQIRUPDWLRQ�UHJDUGLQJ�WKH�HIIHFWV�RI�
WKH� WUXQFDWLRQ� WLPH�RI� WKH�YHORFLW\�UHVSRQVHV�RQ� WKH�DFFXUDF\�RI�
DFKLHYHG� DQVZHUV� FRXOG� QRW� EH� IRXQG�� WKXV�� LW� LV� VWXGLHG� LQ� WKLV�
SDSHU� FRPSUHKHQVLYHO\�� 7R� FRPSDUH�98,5�ZLWK� WKH� SUHYLRXVO\�
XVHG� VFDOHG� ERXQGDU\� DSSURDFKHV� OLNH� WKH� DFFHOHUDWLRQ� XQLW�
LPSXOVH�UHVSRQVH�DQG�GLVSODFHPHQW�XQLW� LPSXOVH�EDVHG�PHWKRGV��
IROORZLQJ�FDQ�EH�FRQVLGHUHG��

� 'HULYDWLRQ�RI�'8,5�EDVHG�PHWKRG�LV�PRUH�FRPSOLFDWHG�
WKDQ WKH DFFHOHUDWLRQ DQG YHORFLW\ XQLW LPSXOVH�
UHVSRQVH�EDVHG� PHWKRGV�� KRZHYHU�� '8,5� QHHGV� OHVV�
FRPSXWDWLRQDO�HIIRUW��

� 8VLQJ�'8,5�EDVHG�6%0�LQ�PRGHOLQJ�ZDYH�SURSDJDWLRQ�
SUREOHPV��ZKHUH� LQWHUDFWLRQ�EHWZHHQ�QHDU�DQG� IDU�ILHOG�
PXVW EH FRQVLGHUHG� OHDGV WR PRUH FRPSOLFDWHG�
SURFHGXUHV�LQ�FRPSDULVRQ�ZLWK�WKH�RWKHU�WZR�PHWKRGV�

Fig. 1�'RPDLQ�GLVFUHWL]DWLRQ�VFKHPH�RI�WKH�VFDOHG�ERXQGDU\�PHWKRG�
�'HHNV�	�:ROI�������
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Fig. 2�'LDJRQDO�HQWULHV�RI��D��DFFHOHUDWLRQ�XQLW�LPSXOVH�UHVSRQVH�PDWUL[��E��YHORFLW\�XQLW�LPSXOVH�UHVSRQVH�PDWUL[��%D]\DU�	�6RQJ������E�
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� 0RUH� VLPSOLI\LQJ� DVVXPSWLRQV� DUH� QHHGHG� LQ� '8,5�
EDVHG� PHWKRG�� DQG� WKHVH� VLPSOLILFDWLRQV� LQGXFH� PRUH�
DSSUR[LPDWLRQV�LQ�WKH�UHVXOWV��

� 98,5�EDVHG�6%0�UHTXLUHV�OHVV�FRPSXWDWLRQDO�HIIRUWV�LQ�
FRPSDULVRQ�ZLWK�WKH�DFFHOHUDWLRQ�XQLW�LPSXOVH�UHVSRQVH��
EDVHG� PHWKRG� ZLWKRXW� DQ\� VLJQLILFDQW� UHGXFWLRQ� LQ�
DFFXUDF\�

:ROI 	 6RQJ ������ SURSRVHG WKH VFDOHG ERXQGDU\�
IRUPXODWLRQ�RI�WKH�GLVSODFHPHQW�XQLW�LPSXOVH�UHVSRQVH�PDWUL[�IRU�
WKH� ILUVW� WLPH��&KHQ� HW� DO�� ������� SUHVHQWHG� DQ� HQKDQFHG� VFDOHG�
ERXQGDU\� IRUPXODWLRQ IRU ZDYH SURSDJDWLRQ SUREOHPV LQ�
DQLVRWURSLF� VRLOV�� %LUN� HW� DO�� ������� XVHG� D� GLVSODFHPHQW� XQLW�
LPSXOVH� UHVSRQVH� EDVHG� VFDOHG� ERXQGDU\� DSSURDFK� IRU� ZDYH�
SURSDJDWLRQ�LQ�KHWHURJHQHRXV�VRLOV��

,Q� WKLV� SDSHU�� 98,5� EDVHG� VFDOHG� ERXQGDU\� PHWKRG� LV�
H[WHQGHG WR PRGHO QRQ�KRPRJHQHRXV XQERXQGHG PHGLD��
3UHYLRXV�VWXGLHV��RQ�KRPRJHQRXV�PHGLD��KDYH�XVHG�YHORFLW\�XQLW�
LPSXOVH� PDWUL[� WR� GHYHORS� GLVSODFHPHQW� XQLW� LPSXOVH� PDWUL[��
ZKLOH�� LQ� WKLV�SDSHU�� WKH� LQWHUDFWLRQ� IRUFHV�DUH�H[WUDFWHG�GLUHFWO\�
XVLQJ�E\�98,5�PDWUL[��7KLV�HOLPLQDWHV�FRPSOLFDWHG�IRUPXODWLRQV�
UHTXLUHG� LQ� WKH� '8,5� EDVHG� VFDOHG� ERXQGDU\� PHWKRG� DQG� WKH�
ODUJH� WLPH� FRQVXPSWLRQ� RI� $8,5� EDVHG� PHWKRG�� 7KH� SDSHU� LV�
VWUXFWXUHG� ZLWK� SURYLGLQJ� D� VKRUW� UHYLHZ� RI� 6%0�� GHULYLQJ� WKH�
PRGLILHG�VFDOHG�ERXQGDU\�HTXDWLRQ�IRU�98,5�PDWUL[��SUHVHQWLQJ�
LWV� LPSOHPHQWDWLRQ� VWHSV�� DQG� HYDOXDWLQJ� LWV� SUHFLVLRQ� DQG�
UHOLDELOLW\�� DQG� VROYLQJ� IHZ� EHQFKPDUNV� QXPHULFDO� H[DPSOHV��
+RZHYHU��WKH�SURSRVHG�PHWKRG�KDV�YDULRXV�DGYDQWDJHV�LQFOXGLQJ�
OHVV� FRPSXWDWLRQ� HIIRUW�� DQG� KLJKHU� DFFXUDF\�� WKHUH� DUH� VRPH�
OLPLWDWLRQV�IRU�WKH�SUHVHQWHG�QRYHO�PHWKRG��7KHVH�OLPLWDWLRQV�FDQ�
EH�VWDWHG�DV�IROORZV�

� 7KH�SURSRVHG�PHWKRG�LV�YDOLG�RQO\�IRU�HODVWLF�IDU�ILHOG��
� 7KH�SURSRVHG�PHWKRG�LV�YDOLG�RQO\�IRU�GU\�VRLO�PHGLD��
� 7KLV�PHWKRG�FDQ�RQO\�EH�FRQVLGHUHG�IRU�PRGHOLQJ�RI�IDU�

ILHOGV�� ZKHUH� DQRWKHU� QXPHULFDO� DSSURDFK� VKRXOG� EH�
FRXSOHG�ZLWK�LW�WR�VLPXODWH�QHDU�ILHOG�HIIHFWV�

,,� 0$7(5,$/6�$1'�0(7+2'6

A. Principal of SBFEM
7R� PRGHO� ZDYH� SURSDJDWLRQ� LQ� XQERXQGHG� PHGLD�� YDULRXV�

QXPHULFDO� DSSURDFKHV� KDYH� EHHQ� XVHG� LQ� WKH� OLWHUDWXUH�� 7KH�
FRQYHQWLRQDO� )(0� UHTXLUHV� GLVFUHWL]LQJ� HQWLUH� SUREOHP� GRPDLQ�
DQG� LV� QRW� FDSDEOH� RI� PRGHOLQJ� XQERXQGHG� GRPDLQV�� :DYH�
SURSDJDWLRQ�SUREOHPV�FDQ�EH�VROYHG�XVLQJ�WKH�)(0�E\�DGRSWLQJ�
ODUJH� HOHPHQWV� H[WHQGHG� WR� DQ� DGHTXDWH� GLVWDQFH� IURP� SUREOHP�
GRPDLQ� WR� HQVXUH� UHIOHFWHG� ZDYH� IURP� WKH� ERXQGDULHV� KDYH�
LQVLJQLILFDQW� HIIHFW� RQ� WKH� GRPDLQ�� 7KLV� DSSURDFK� LV� FDOOHG�
H[WHQGHG�PHVK�PHWKRG� �(00���'XH� WR� WKH�FRPSXWDWLRQDO�FRVWV�
LQFXUUHG� XVLQJ� WKH� (00�� LW� LV� LPSUDFWLFDO� WR� XVH� LW� ZLWKRXW�
FRQVLGHULQJ� DEVRUELQJ� ERXQGDULHV�� ,Q� FRQWUDVW� WR� WKH� )(0�� WKH�
%(0� GLVFUHWL]HV� RQO\� ERXQGDULHV� RI� WKH� SUREOHP� DQG� UHGXFHV�
GLPHQVLRQ� RI� WKH� SUREOHP� E\� RQH�� 7KH� %(0� LV� FDSDEOH� RI�
PRGHOLQJ�XQERXQGHG�PHGLD� XVLQJ� IXQGDPHQWDO� VROXWLRQV�ZLWK�D�
VHPL�DQDO\WLFDO� DSSURDFK�� ([WUDFWLRQ� RI� D� IXQGDPHQWDO� VROXWLRQ�
IRU� GLIIHUHQW� SUREOHPV� FDQ� EH� FRPSOLFDWHG�� DQG� LW� PDNHV�
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6HYHUDO QXPHULFDO H[DPSOHV DUH VROYHG WR H[DPLQH�
SHUIRUPDQFH� RI� WKH� VXJJHVWHG� PRGLILHG� 6%0�� 7KUHH� H[DPSOHV�
DUH�SUHVHQWHG�WR�DVVHVV�WKH�PHWKRG
V�SUHFLVLRQ�LQ�PRGHOLQJ�ZDYH�
SURSDJDWLRQ�LQ�ERWK�KRPRJHQHRXV�DQG�QRQ�KRPRJHQHRXV�LQILQLWH�
PHGLD��7KH� LPSDFW� RI� WKH� WUXQFDWLRQ� WLPH� RQ� WKH� UHVXOWV� LV� ODWHU�
DVVHVVHG��

A. A Full Plane with a Circular Cavity 
7KLV� H[DPSOH� LV� GHVLJQHG� WR� LQYHVWLJDWH� WKH� DFFXUDF\� RI� WKH�

SUHVHQWHG� PHWKRG� IRU� ZDYH� SURSDJDWLRQ� PRGHOLQJ� LQ� LQILQLWH�
PHGLD� ZLWK� QRQ�KRPRJHQHLW\� LQ� WKH� UDGLDO� GLUHFWLRQ�� $� FLUFXODU�
FDYLW\�ZLWK�D�UDGLXV�RI���P��HPEHGGHG�LQ�DQ�HODVWLF�IXOO�SODQH�LV�
FRQVLGHUHG�� 7KH� ZDOO� RI� WKH� FDYLW\� LV� VXEMHFWHG� WR� XQLIRUP

SUHVVXUH��%DVHG� RQ� WKH� VXEVWUXFWXUH�PHWKRG�� D� VPDOO� SRUWLRQ� RI�
WKH� IXOO� SODQH� LV� PRGHOHG� E\� WKH� )(0� ZKLOH� PRGHOLQJ� RI� WKH�
XQERXQGHG� PHGLD� LV� XQGHUWDNHQ� E\� WKH� 6%0�� 7ZR� PRGHOV� DUH�
XVHG�LQ�WKH�)(0�6%0�DQDO\VHV�ZKHUH�PRGHO�%�XVHV�PRUH�'2)V�
LQ�FRPSDULVRQ�ZLWK�PRGHO�$��7KH�FRQVLGHUHG�JHRPHWU\�DQG�XVHG�
PHVKHV�IRU�WKLV�H[DPSOH�DUH�SUHVHQWHG�LQ�)LJXUH���D��DQG�)LJXUH�
��E���$V�WKLV�ILJXUH�VKRZV��E\�XVLQJ�V\PPHWU\��RQO\�RQH�TXDUWHU�
RI� WKH� SUREOHP� LV� H[DPLQHG�� $� WULDQJXODU� IXQFWLRQ� ZKLFK� LV�
GHILQHG�LQ�)LJXUH���D��LV�XVHG�WR�GHVFULEH�WKH�WLPH�KLVWRU\�RI�WKH�
DSSOLHG� XQLIRUP�SUHVVXUH�� 7KH� DSSOLHG� ORDG� KDV� D� SHULRG� RI� ����
VHFRQGV� DQG� D� SHDN�YDOXH�RI� ��N1��7KH�(00� LV� FDUULHG�RXW� WR�
YHULI\� XVHG� )(0�6%0� DSSURDFK� �(00� LV� D� FRQYHQWLRQDO�
PHWKRG� IRU� PRGHOLQJ� XQERXQGHG� GRPDLQ� �%D]\DU� 	� 6RQJ��
����D���

,Q�WKH�(00�������QRGHV�������'2)V��DUH�XVHG��)LJXUH���E��
VKRZV� WKH� XVHG� H[WHQGHG� PHVK� IRU� WKLV� SUREOHP�� 7KHUH� LV� DQ�
DQDO\WLFDO�VROXWLRQ�IRU�WKLV�SUREOHP�LQ�WKH�OLWHUDWXUH��IRU�H[DPSOH�
FDQ�EH�IRXQG�LQ�%D]\DU�	�6RQJ������E���)RU�KRPRJHQHRXV�FDVHV�
�Į�DQG�ȕ�HTXDO�WR�]HUR���WKH�DQDO\WLFDO�VROXWLRQ�FDQ�EH�FRPSDUHG�
ZLWK�ERWK�WKH�H[WHQGHG�PHVK�SURFHGXUH�DQG�WKH�VFDOHG�ERXQGDU\�
DSSURDFK�� )RU� KRPRJHQHRXV� FDVH�� PDWHULDO� SURSHUWLHV� DUH�
FRQVLGHUHG�DV�HODVWLFLW\�PRGXOXV��(���( ������N1�P���3RLVVRQ¶V�
UDWLR��Y �����DQG�PDVV�GHQVLW\��ȡ �î����NJ�P���$FKLHYHG�UDGLDO�
GLVSODFHPHQW� WLPH� KLVWRULHV� IRU� WKH� FDYLW\� ZDOO� DUH� SORWWHG� LQ�
)LJXUH� ��� ,W� LV� VKRZQ� WKDW� ERWK� YHORFLW\� XQLW� LPSXOVH� UHVSRQVH��
EDVHG� VFDOHG�ERXQGDU\�PRGHOV� OHDG� WR�JRRG�DJUHHPHQW�ZLWK� WKH�
(00� DQG� ZLWK� WKH� DQDO\WLFDO� VROXWLRQ� �PD[LPXP� HUURU� RI� WKH�
SURSRVHG�6%0�LV�HTXDO�WR�������,Q�WKH�(00�������QRGHV�������
'2)V��DUH�XVHG��)LJXUH���E��VKRZV� WKH�XVHG�H[WHQGHG�PHVK�IRU�
WKLV�SUREOHP��)RU�KRPRJHQHRXV�FDVHV��Į�DQG�ȕ�HTXDO�WR�=(52���
WKH� DQDO\WLFDO� VROXWLRQ� FDQ�EH� FRPSDUHG�ZLWK�ERWK� WKH� H[WHQGHG�
PHVK� SURFHGXUH DQG WKH VFDOHG ERXQGDU\� DSSURDFK� )RU�
KRPRJHQHRXV� FDVH�� PDWHULDO� SURSHUWLHV� DUH� FRQVLGHUHG� DV�

�( ������ N1�P��� Y ����� DQG� ȡ �î���� NJ�P��� $FKLHYHG� UDGLDO�
GLVSODFHPHQW� WLPH� KLVWRULHV� IRU� WKH� FDYLW\� ZDOO� DUH� SORWWHG� LQ�
)LJXUH� ��� ,W� LV� VKRZQ� WKDW� ERWK� YHORFLW\� XQLW� LPSXOVH� UHVSRQVH��
EDVHG� VFDOHG�ERXQGDU\�PRGHOV� OHDG� WR�JRRG�DJUHHPHQW�ZLWK� WKH�
(00� DQG� ZLWK� WKH� DQDO\WLFDO� VROXWLRQ� �PD[LPXP� HUURU� RI� WKH�
SURSRVHG�6%0�LV�HTXDO�WR�������

)RU�QRQ�KRPRJHQHRXV�FDVHV��(�RI�WKH�IXOO�SODQH�LV�FRQVLGHUHG�
DV� D� IXQFWLRQ�RI� UDGLXV��ZKLFK� LV� LQWURGXFHG� E\� WKH� ODVW� WHUP� LQ�
(T�����7KH�FKDUDFWHULVWLF�OHQJWK��/��LV�VHOHFWHG�HTXDO�WR�WKUHH��7KH�
VFDOLQJ�YDOXH�RI�WKH�HODVWLFLW\�PRGXOXV��P� �� LV�VHOHFWHG�HTXDO�WR(U�
P�  ������ N1�P��� 2WKHU� PHFKDQLFDO� SURSHUWLHV� DUH� FRQVLGHUHG(U�
FRQVWDQW�ZLWK�WKH�YDOXHV�RI�Y ����DQG�ȡ �î����NJ�P���)LJXUH���
VKRZV�WKH�YDULDWLRQ�RI�HODVWLF�PRGXOXV�LQ�WKH�UDGLDO�GLUHFWLRQ�ZLWK�
FRQVLGHULQJ�Į�HTXDO�WR�RQH�IRU�WKH�PHVK�WKDW�LV�XVHG�LQ�WKH�(00��

7KUHH� GLIIHUHQW� VLWXDWLRQV� DUH� UHJDUGHG� WR� DQDO\]H� WKH�
SUHFLVLRQ� RI� WKH� SURSRVHG� 6%0� LQ� QRQ�KRPRJHQHRXV� PHGLD��
2EWDLQHG�UDGLDO�GLVSODFHPHQW�WLPH�KLVWRULHV�RI�WKH�FDYLW\�ZDOO�DUH�
SORWWHG� LQ� )LJXUH� ��� )LJXUH� �� GHPRQVWUDWHV� D� JRRG� DJUHHPHQW�
EHWZHHQ�WKH�98,5�EDVHG�6%0�DQG�WKH�(00�
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Fig. 7�5DGLDO�GLVSODFHPHQW�WLPH�KLVWRU\�RI�FDYLW\�ZDOO�
�KRPRJHQRXV�FDVH�

Fig. 8�9DULDWLRQ�RI�HODVWLF�PRGXOXV�LQ�H[WHQGHG�PHVK
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B. Horizontal Dynamic Load Applied to an Elastic Half-Plane 
$Q�HODVWLF�KDOI�SODQH��DV�LOOXVWUDWHG�LQ�)LJXUH����D���LV�XVHG�WR�

HYDOXDWH� WKH� HIIHFWLYHQHVV� RI� WKH� SURSRVHG�PHWKRG� LQ�PRGHOLQJ�
ZDYH�SURSDJDWLRQ�LQ�XQERXQGHG�GRPDLQV�ZLWK�QRQ�KRPRJHQHLW\�
LQ�GHSWK��$�5LFNHU�ZDYHOHW�W\SH�KRUL]RQWDO�G\QDPLF�ORDG�IXQFWLRQ�
LV� DSSOLHG� WR� WKH� KDOI�SODQH� XQGHU� FRQVLGHUDWLRQ�� 7KH� PDWHULDO�
SURSHUWLHV� LQ� WKLV�H[DPSOH�DUH�� WKH� VFDOLQJ�HODVWLFLW\�PRGXOXV�RI�

�KDOI�SODQH�� P�  ����î���� N1�P��� Y ����� DQG� ȡ �î���� NJ�P��(]
7KH� G\QDPLF� ORDG� LV� DSSOLHG� DW� SRLQW� %� ZKLFK� SURYLGHG� ZLWKLQ�
)LJXUH� ���D�� ZKHUH� WKH� XVHG� ORDG� IXQFWLRQ� LV� VKRZQ� LQ� )LJXUH�
���E��� $Q� H[WHQGHG� PHVK� LV� JHQHUDWHG� IRU� WKLV� SUREOHP� ZLWK�
KHLJKW� DQG� ZLGWK� HTXDO� WR� ����P� DQG� ����P�� UHVSHFWLYHO\��
)LJXUH���� SUHVHQWV� WKH� XVHG� )(0�6%0�PHVK� DQG� WKH� H[WHQGHG�
PHVK�IRU�WKLV�SUREOHP��

,Q� WKH� )(0�6%0 PHWKRG�� ��� QRGHV� DUH� XVHG� ZKLOH� �����
QRGHV�DUH�HPSOR\HG�LQ�WKH�(00��)LUVWO\��WKH�KRPRJHQHRXV�FDVH�
�Į �� DQG� ȕ ��� LV� FRQVLGHUHG�� 9RQ� (VWRUII� 	� )LUX]LDDQ� �������
XVHG� WKH� FRXSOHG� )(0�%(0� WR� DQDO\]H� WKLV� SUREOHP� �LQ�
KRPRJHQHRXV�FRQGLWLRQ���DQG� WKHLU�UHVXOWV�DUH�XVHG�WR�YHULI\�WKH�
98,5�EDVHG�)(0�6%0�PHWKRG�DQG�WKH�(00�IRU�KRPRJHQHRXV�
FDVHV� LQ� WKLV� SDSHU�� 7KH� PHQWLRQHG� SURFHGXUHV� DUH� XVHG� WR�
FRPSXWH� WKH� GLVSODFHPHQW� WLPH� KLVWRULHV� RI� SRLQW� $�� )LJXUH� ��

VKRZ�WKH�UHVSRQVHV�WKDW�ZHUH�REWDLQHG�� $V�VKRZQ�LQ�WKLV�ILJXUH��
WKH�ILQGLQJV�DUH�LQ�FRQIRUPDQFH��LQGLFDWLQJ�WKDW�WKH�(00�DQG�WKH�
PRGLILHG� VFDOHG� ERXQGDU\� PHWKRG� FDQ� EH� XVHG� WR� DFFXUDWHO\�
PRGHO� WKLV� SUREOHP�� %\� LQFUHDVLQJ� WKH� SHULRG� RI� WKH� YLEUDWLRQ��
UHIOHFWHG� ZDYHV� FDQ� DIIHFW� WKH� DFFXUDF\� RI� WKH� DQVZHU� LQ� WKH�
(00� ZKLOH� WKH� )(0�6%0� FDQ� EH� XVHG� IRU� DQ\� FRQVLGHUHG�
SHULRG�ZLWKRXW�DQ\�ZDYH�UHIOHFWLRQV��

7R�DQDO\]H�ZDYH�SURSDJDWLRQ� LQ� WKH�QRQ�KRPRJHQHRXV�KDOI��
SODQH�� WKH� FKDUDFWHULVWLF� OHQJWK� LV� VHOHFWHG� HTXDO� WR� ��P�� 7KUHH�
FDVHV� ZLWK� Į ����� Į ����� DQG� Į �� DUH� FRQVLGHUHG� �IRU� DOO� FDVHV�
ȕ ���� 2WKHU� PHFKDQLFDO� SURSHUWLHV� DUH� VHOHFWHG� LGHQWLFDO� WR� WKH�
KRPRJHQHRXV� FDVH�� 1RQ�KRPRJHQHLW\� LV� DVVLJQHG� RQO\� WR� WKH�
GHSWK�RI�WKH�GRPDLQ��$V�DQ�H[DPSOH��WKH�YDULDWLRQ�RI�WKH�HODVWLF�
PRGXOXV� IRU� Į �� LQ� WKH� H[WHQGHG�PHVK� LV� SORWWHG� LQ� )LJXUH� ����
&DOFXODWHG�KRUL]RQWDO�GLVSODFHPHQW�WLPH�KLVWRULHV�DW� WKH�SRLQW�$�
DUH�SUHVHQWHG� LQ�)LJXUH�����7R�DYRLG� WKH�HIIHFWV�RI�WKH�UHIOHFWHG�
ZDYHV� LQ� WKH� (00�� RQO\� ���� VHFRQGV� RI� WKH� YLEUDWLRQV� DUH�
SORWWHG� 7KH (00 DQG )(0�6%0 UHVXOWV GHPRQVWUDWH�
FRQIRUPDQFH�� DV� VHHQ� LQ� WKH� )LJXUH� ���� +HQFH�� LW� FDQ� EH�
FRQFOXGHG� WKDW� WKH� SUHVHQWHG� 98,5� EDVHG� 6%0� KDV� VXIILFLHQW�
DFFXUDF\� IRU� PRGHOLQJ� ZDYH� SURSDJDWLRQ� LQ� ERWK� KRPRJHQHRXV�
DQG�QRQ�KRPRJHQHRXV�XQERXQGHG�GRPDLQV�
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C. A Vertical Dynamic Load Applied to an Elastic Half-Plane 
7R� HQVXUH� WKDW� WKH� SUHVHQWHG� PHWKRG� SHUIRUPV� ZHOO� LQ�

GLIIHUHQW� ORDGLQJ� FRQGLWLRQV�� DQRWKHU� H[DPSOH� LV� VROYHG�� 7KLV�
H[DPSOH� ZDV� XVHG� E\� UHVHDUFKHUV� WR� YHULI\� YDULRXV� QXPHULFDO�
DSSURDFKHV�� ,Q� WKLV� SDSHU�� UHVXOWV� WKDW� ZHUH� SXEOLVKHG� E\� 9RQ�
(VWRUII�	�)LUX]LDDQ��������DUH�H[WUDFWHG�IRU�KRPRJHQHRXV�FDVHV��
7KH�JHRPHWU\�RI�WKH�SUREOHP��ORDG�IXQFWLRQ��DQG�JHQHUDWHG�PHVK�
DUH�GHWDLOHG� LQ�)LJXUH�����0HFKDQLFDO�SURSHUWLHV�IRU� WKH�GRPDLQ�
DUH�� WKH� HODVWLFLW\� PRGXOXV� �(�� VHW� WR� ( �������� N1�P��� WKH�
3RLVVRQ
V�UDWLR�VHW�WR�������DQG�WKH�VKHDU�ZDYH�YHORFLW\�VHW�WR����

P�V��)LJXUH����VKRZV�WKH�GLVSODFHPHQW�WLPH�KLVWRULHV�RI�SRLQWV�$��
%�� DQG� &�� 7KH� RXWFRPH� RI� WKH� WKUHH� GLIIHUHQW� WHFKQLTXHV� LV�
GHSLFWHG� LQ� WKLV� ILJXUH�� 5HVXOWV� RI� WKH� )(0�%(0� DUH� GHULYHG�
IURP� OLWHUDWXUH� DQG� FRPSDUHG� WR� WKH� H[WHQGHG� PHVK� DQG� WKH�
SURSRVHG� YHORFLW\� XQLW� LPSXOVH� UHVSRQVH�EDVHG� PHWKRGV�� 7KH�
UHVXOWV� VKRZ� JRRG� DJUHHPHQWV� EHWZHHQ� WKH� DSSOLHG� PHWKRGV��
0D[LPXP�GHYLDWLRQ� EHWZHHQ� UHVXOWV� RI� WKH� )(0�%(0� DQG� WKH�
SURSRVHG�)(0�6%0�LV� ���� ,Q� WKH�QH[W� H[DPSOH�� WKH�HIIHFWV�RI�
WKH� WUXQFDWLRQ� WLPH�RQ� WKH� DFFXUDF\�RI� WKH�PHWKRG�� UXQ� WLPH�RI�
WKH�DQDO\VHV��DQG�FRPSXWDWLRQDO�HIIRUWV�DUH�LQYHVWLJDWHG�
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Fig. 16�'LVSODFHPHQW�WLPH�KLVWRULHV�IRU�WKUHH�REVHUYDWLRQ�SRLQWV

Fig. 17�'LVSODFHPHQW�WLPH�KLVWRULHV�RI�WKUHH�REVHUYDWLRQ�SRLQWV��QRQ�KRPRJHQRXV�FDVH��Į ����

D. Soil-Structure Interaction Problem 
7R� DVVHVV� WKH� HIIHFWV� RI� WKH� VHOHFWHG� WUXQFDWLRQ� WLPH� RQ� WKH�

DFFXUDF\� RI� WKH� DQVZHUV�� D� G\QDPLF� VRLO�VWUXFWXUH� LQWHUDFWLRQ�
�66,�� SUREOHP� LV� FRQVLGHUHG�� ,Q� WKLV� H[DPSOH�� DQ� HODVWLF� EORFN�
DWWDFKHG� WR� DQ� HODVWLF� KDOI�SODQH� LV� H[DPLQHG�� 7KH� SUREOHP
V�
JHRPHWU\�LV�VKRZQ�LQ�)LJXUH�����7KLV�ILJXUH�DOVR�VKRZV�WKH�PHVK�
WKDW�ZDV�XVHG�DQG�WKH�ORFDWLRQ�RI�WKH�REVHUYDWLRQ�SRLQW��SRLQW�%���
0HFKDQLFDO� SURSHUWLHV� RI� WKH� EORFN�� ERXQGHG� VRLO� PHGLD�� DQG�
PRGHOHG� KDOI�SODQH�DUH� VHOHFWHG� DV�( ����î����N1�P��� Y ������
DQG� ȡ �î����NJ�P���<D]GFKL� HW� DO�� ������� VROYHG� WKLV� H[DPSOH�
SUHYLRXVO\�XVLQJ�WKH�)(0�%(0�DQG�WKHLU�UHVXOWV�DUH�XVHG�KHUHLQ�
WR�YHULI\�WKH�98,5�EDVHG�6%0��7KH�DSSOLHG�IRUFH�LV�FKRVHQ�DV�D�
VWHS�IXQFWLRQ��'XUDWLRQ�RI�WKH�VWHS�ORDG�IXQFWLRQ�LV�VHOHFWHG�HTXDO�
WR� ������V� ZLWK� XQLW� LQWHQVLW\�� 7KH� FRQYHQWLRQDO� )(0�6%0� LV�
XVHG� WR� YDOLGDWH� WKH� DFFXUDF\� RI� WKH� PHWKRG�� 7KH� KRUL]RQWDO

GLVSODFHPHQW� RI� SRLQW� %� LV� SORWWHG� LQ� )LJXUH� ���D��� ZKLFK� LV�
FDXVHG�E\�WKH�KRUL]RQWDO�ORDGLQJ��VHH�)LJXUH������DQG�WKH�YHUWLFDO�
GLVSODFHPHQW� RI� WKLV� SRLQW� �FDXVHG� E\� WKH� YHUWLFDO� ORDGLQJ�� LV�
VKRZQ� LQ�)LJXUH����E���*RRG�DJUHHPHQWV�FDQ�EH�IRXQG�EHWZHHQ�
WKH�XVHG�PHWKRGV�LQ�WKHVH�ILJXUHV��

7R� LQYHVWLJDWH� HIIHFWV� RI� WKH� VHOHFWHG� WUXQFDWLRQ� WLPH� RQ� WKH�
DFFXUDF\�RI�WKH�DQVZHUV�� WKUHH�GLIIHUHQW� WUXQFDWLRQ�WLPHV��WF��DUH�
VHOHFWHG�� )LJXUH� ��� VKRZV� WKH� REWDLQHG� UHVXOWV� IRU� WKH� YHUWLFDO�
GLVSODFHPHQW�WLPH�KLVWRU\�RI�SRLQW�%��$V�VKRZQ�LQ�WKLV�ILJXUH��D�
ZHOO�EHKDYHG UHVSRQVH FDQ EH REWDLQHG E\� VHOHFWLQJ DQ�
DSSURSULDWH WUXQFDWLRQ WLPH� ZKLOH VHOHFWLQJ DQ LQFRUUHFW�
WUXQFDWLRQ�WLPH�FDQ�UHVXOW�LQ�GLVSHUVLRQ�LQ�WKH�UHFRUGHG�UHVSRQVHV��
,Q�WKLV�H[DPSOH��WLPH�VWHS��GW��LV�FRQVLGHUHG�HTXDO�WR�������V�DQG�
����VHFRQGV�RI�WKH�YLEUDWLRQ�LV�UHFRUGHG��$V�)LJXUH����LQGLFDWHV��
E\� VHWWLQJ� WKH� WUXQFDWLRQ� WLPH� HTXDO� WR� ����V�� WKH� 98,5� LV�
FDOFXODWHG� RQO\� IRU� ���� VWHSV� DQG� FRPSXWDWLRQDO� HIIRUWV� RI� WKH
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UHPDLQLQJ� ����� VWHSV� DUH� UHPRYHG�� 7KLV� UHGXFWLRQ� FDQ� KDYH�
JUHDWHU� LPSDFW� LQ�WKH� ORQJ�SHULRG�DQDO\VLV�VXFK�DV�VHLVPLF�ZDYH�
SURSDJDWLRQ� SUREOHPV�� 7KH� HODSVHG� WLPH� RI� WKH� DQDO\VLV� IRU�
GLIIHUHQW� WUXQFDWLRQ�WLPHV� LV�SORWWHG� LQ�)LJXUH����D���7KLV� ILJXUH�
VKRZV� WKDW� ODUJH� WUXQFDWLRQ� WLPHV� PDNH� WKH� PHWKRG� WHPSRUDOO\�
H[SHQVLYH��DV�WKH�$8,5�EDVHG�VFDOHG�ERXQGDU\�PHWKRG���ZKLOH�LQ�
)LJXUH� ��� LW� LV� LQGLFDWHG� WKDW� DQ� RSWLPDO� WUXQFDWLRQ� WLPH� ZLWK�
VXIILFLHQW� DFFXUDF\� FDQ� EH� VHOHFWHG�� 5HPDLQHG� FRPSXWDWLRQDO�
HIIRUWV�LQ�WKH�SUHVHQWHG�PHWKRG�IRU�GHWHUPLQLQJ�WKH�98,5�PDWUL[�
FDQ�EH�DFKLHYHG�E\�/HKPDQQ� ������¶V� IRUPXOD��7KLV� IRUPXOD� LV�
ZULWWHQ� LQ�(T�� ���� ,Q� WKLV� HTXDWLRQ�� WKH� XVHG� SDUDPHWHUV� FDQ� EH�
GHILQHG� DV�� P WF�GW� DQG� Q 7�GW� �7 SHULRG� RI� YLEUDWLRQ��� 7KH�
UHGXFWLRQ� UDWLR� RI� FRPSXWDWLRQDO� HIIRUWV� FDQ� EH� GHWHUPLQHG� E\�
XVLQJ�(T�����

o�� ��= o m n� �� ��= ���- ����
n n
m m �y

��� � �� �yreduction ratio = - o �����

%\�XVLQJ� WKHVH�HTXDWLRQV��)LJXUH����E�� LV�SORWWHG��$V�VKRZQ�
LQ� WKLV� ILJXUH�� WKH� FRPSXWDWLRQDO� HIIRUW� RI� WKH� PHWKRG� FDQ� EH�
VXEVWDQWLDOO\� UHGXFHG� E\� VHOHFWLQJ� DQ� RSWLPXP� WUXQFDWLRQ� WLPH�
�IRU�H[DPSOH�� WF ����IRU� WKLV�DQDO\VLV���&RPSXWDWLRQDO�HIIRUW� IRU�
WKH�SURSRVHG�PHWKRG�FDQ�EH�VLJQLILFDQWO\�GHFUHDVHG�E\�UHGXFLQJ�
WKH�WUXQFDWLRQ�WLPH��DV�VKRZQ�LQ�)LJXUH����E���&KRRVLQJ�P �����
IRU�H[DPSOH��HOLPLQDWHV�����RI�FRPSXWDWLRQDO�HIIRUW��7KHUHIRUH��
VHOHFWLQJ�DQ�DSSURSULDWH�WUXQFDWLRQ�WLPH�LQ�WKH�98,5�EDVHG�6%0�
PDNHV�WKH�PHWKRG�PRUH�HIILFLHQW�ZKLOH�PDLQWDLQLQJ�LWV�DFFXUDF\��

%DVHG� RQ� WKH� H[SODLQHG� UHVXOWV�� LW� FDQ� EH� FRQFOXGHG� WKDW�
XWLOL]LQJ� WKH� SURSRVHG� DSSURDFK� OHDGV� WR� D� VXIILFLHQW� DJUHHPHQW�
FRPSDUHG�ZLWK� WKH� FRQYHQWLRQDO� ERXQGDU\� HOHPHQW�PHWKRG� DQG�
ZLWK� WKH� H[WHQGHG� PHVK� DSSURDFK�� $V� ERWK� WKH� %(0� DQG� WKH�
SURSRVHG� 98,5� EDVHG� 6%0� DUH� VHPL� DQDO\WLFDO� PHWKRGV�� WKH�
UHVXOWV� RI� WKHVH� PHWKRGV� KDYH� DOPRVW� LGHQWLFDO� DFFXUDF\�� ZKLOH�
WKH� 6%0� GRHV� QRW� UHTXLUH� IXQGDPHQWDO� VROXWLRQ� DQG� FRQVXPHV�
OHVV�FRPSXWDWLRQDO�WLPH�

Fig. 18�8VHG�PHVK�DQG�JHRPHWU\�GHWDLOV�RI�WKH�FRQVLGHUHG�VRLO�VWUXFWXUH�
LQWHUDFWLRQ�SUREOHP
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Fig. 21��D��5XQ�WLPH�UHTXLUHG�IRU�FRPSXWLQJ�YHORFLW\�XQLW�LPSXOVH�
UHVSRQVH�PDWUL[�E\�GLIIHUHQW�WUXQFDWLRQ�WLPHV���E��UHGXFWLRQ�UDWLR�RI�

FRPSXWDWLRQDO�HIIRUWV�E\�GLIIHUHQW�WUXQFDWLRQ�WLPHV�

,9� &21&/86,21�
7KH�98,5�PDWUL[�EDVHG�VFDOHG�ERXQGDU\�HTXDWLRQ�LV�DSSOLHG�

WR� WLPH�GRPDLQ� PRGHOLQJ� RI� QRQ�KRPRJHQHRXV� XQERXQGHG�
PHGLD��7KH�YDULDEOH�HODVWLF�PRGXOXV�DQG�PDVV�GHQVLW\�DUH�XVHG�WR�
DFFRXQW�IRU�WKH�QRQ�KRPRJHQHLW\�RI�WKH�XQERXQGHG�GRPDLQ��)RU�
WKH�VDNH�RI�FRQYHQLHQFH��WKHVH�SDUDPHWHUV�DUH�UHJDUGHG�DV�SRZHU�
IXQFWLRQV�RI� VSDWLDO� FRRUGLQDWHV��$�98,5�EDVHG� IRUPXODWLRQ� IRU�
G\QDPLF� LQWHUDFWLRQ� IRUFH� LV� GHYHORSHG�� %\� HYDOXDWLQJ� YDULRXV�
QXPHULFDO� SUREOHPV�� WKH� SUHFLVLRQ� DQG� IXQFWLRQDOLW\� RI� WKH�
SUHVHQWHG�PHWKRG�DUH�DVVHVVHG��DQG�LW�LV�VKRZQ�WKDW�WKH�YDOLGDWHG�
PHWKRG SURGXFHV UHOLDEOH DQVZHUV� 1RQ�KRPRJHQHLW\ RI�
PDWHULDOV�LQ�GHSWK�DQG�UDGLDO�GLUHFWLRQ�LV�LQYHVWLJDWHG��(IIHFWV�RI�
WKH� WUXQFDWLRQ� WLPH�RQ� WKH� UHVXOWV�DUH� VWXGLHG� DQG� LW� LV� LQGLFDWHG�
WKDW� E\� VHOHFWLQJ� DQ� DSSURSULDWH� WUXQFDWLRQ� WLPH�� FRPSXWDWLRQDO�
HIIRUWV�RI�WKH�PHWKRG�FDQ�EH�UHGXFHG�VLJQLILFDQWO\��HODSVHG� WLPH�
LQ� WKH� DQDO\VLV� FDQ� EH� GHFUHDVHG� DQG� DFFXUDWH� UHVXOWV� FDQ� EH�
DFKLHYHG�
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 :H�H[WHQG� RXU� WKDQNV� WR� WKH� UHYLHZHUV� IRU� WKHLU�PHWLFXORXV� DWWHQWLRQ� WR�
GHWDLO� DQG�FRQVWUXFWLYH�VXJJHVWLRQV�WKDW�JUHDWO\�LPSURYHG�WKH�TXDOLW\�RI�WKLV�
PDQXVFULSW�� <RXU�FRQWULEXWLRQV�KDYH�EHHQ�LQVWUXPHQWDO�LQ�VKDSLQJ�WKLV�ZRUN�
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